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Abstract
We investigate the topology of branched surfaces K which have the disjoint union of embedded
circles as their branch sets SK , and which admit expanding immersions f with injective induced
homomorphisms f∗ :π1(K,∗) → π1(K,f (∗)). If every connected component L of K \ SK is ori-
entable, then L is homeomorphic to a surface of genus  1 with holes. In particular if there is a
component homeomorphic to a 2-torus with holes, then K is the union of immersed tori. If every L
is a 2-sphere with holes, under an additional assumption K is the union of immersed annuli.
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1. Introduction
In [3,4] we have investigated the topology of branched surfaces which have a single
embedded circle as their branch sets and which admit expanding immersions, and we have
shown that there exist only two topological types for such branched surfaces, and that the
Euler classes of their tangent bundles vanish. Pairs of a branched surface and an expanding
immersion give a presentation of expanding attractors as shown by Williams [5], and it is
clear that the information on the topology of such branched surfaces will give us a lot of
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knowledge on expanding attractors. In fact, in the case of dimension 1 this expectation has
been successfully put into action [6]. Furthermore in this direction there is a generalization
to the higher dimensional case by Farrell and Jones [2]. In this paper we will deal with a
larger class of branched surfaces than that in [3,4]. We will study branched surfaces with
branch set the union of arbitrary many disjoint embedded circles.
Roughly speaking a branched surface K is a generalized surface which has as its local
models, beside usual open disks D(1), the following two; (i) two disks whose halves are
glued with each other, D(2), (ii) partially glued three disks D(3) which is formed by the
glued two disks in (i) and a single disk, and is constructed by gluing them as for the re-
sulting branching locus to be the symbol “+”. Remark that the glued subset of each disk is
closed. Fig. 1 shows these local models D(1), D(2), D(3).
Thus for any point x ∈ K there exists a neighborhood Ux which is homeomorphic to
one of the three. For D(2), D(3), there are natural projections πi :D(i) → D(1), i = 2,3,
which glue already partially glued disks with each other completely, and under which each
disk forming D(i) is mapped to D(1) homeomorphically. Let π1 be the identity of D(1). We
adopt as a precise definition of a branched surface the one made in [3].
Definition 1.1. A compact connected Hausdorff space K is called a Cr branched surface
if it has a finite family {(Uj ,ϕj )} satisfying
(i) Uj are open subsets of K , and ϕj are continuous maps from Uj to D(1),
(ii) K =⋃j Uj ,
(iii) there are homeomorphisms gj :Uj → D(i), i = 1,2 or 3, such that ϕj = πi ◦ gj ,
(iv) if Uj ∩ Uj ′ = ∅, there is a Cr map πjj ′ :ϕj (Uj ∩ Uj ′) → ϕj ′(Uj ∩ Uj ′) such that
πjj ′ ◦ ϕj = ϕj ′ on Uj ∩Uj ′ .
The original definition in [5] admits more complicated local models, but for our aim this
simplified version is general enough. The singular locus on a branched surface, where two
or three glued disks branch off, is called the branch set. If the branch set SK is the union of
disjoint embedded circles, each embedded circle is called a branch circle. Note that in this
case K needs no local model D(3). For coordinate neighborhoods (Uj ,ϕj ), ϕj may give
the same coordinate for some distinct two or three points in Uj , but {(Uj ,ϕj )} gives a well-
defined coordinate change between single embedded disks in Uj . As for ordinary surfaces
we have the tangent bundle on K as follows. Let us gather pullback bundles ϕ∗TD(1)j
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on Uj and glue them under identification given by πjj ′ . Then we obtain the tangent bundle
TK on K .
We call a Cr map f :K → K a Cr expanding immersion [3] if (a) its differential
dfx :TxK → Tf (x)K is injective, (b) it expands a Riemannian metric for any direction,
(c) the non-wandering set Ω(f ) of f is equal to the entire of K , and (d) f satisfies the
property, called the locally gluing property, that for any point x in K a sufficiently small
neighborhood of x is mapped onto an embedded disk under an iteration f n of f . The
property (b) is called the metric expanding property. An expanding immersion f is called
π1-injective if the induced homomorphism f∗ :π1(K,x) → π1(K,f (x)) is injective.
Let us give two examples of branched surfaces which admit expanding immersions.
Fig. 2 shows such two branched surfaces K1 and K2. Circles drawn by bold line indicate
branch circles. Let us show that they admit expanding immersions. Let f0 :T 2 → T 2 be a
four fold covering of 2-torus T 2 such that in each direction of a meridian and a longitude
it covers T 2 in two fold, and let pi :Ki → T 2, i = 1,2, be natural projections. Then there
exist lifts fi :Ki → Ki of f0 ◦ pi :Ki → T 2 such that fi are surjective. It is easy to verify
that fi are expanding immersions on Ti . We can easily construct an example of a branched
surface which has the union of embedded circles with non-trivial intersection as its branch
set and admits an expanding immersion in a way similar to the previous examples.
Let K be a Cr branched surface, r  1, with branch set SK . By definition connected
components of K \ SK are open surfaces, and we denote them by Li , i = 1,2, . . . , l. Let
Li be the compact surface of which interior is Li . Note that the closure of Li in K , denoted
by ClK(Li), is not necessarily Li (we use the notation ClA(B) for the pair of topological
spaces A and B , B ⊂ A, to denote the closure of B in A). For a subspace A ⊂ K , ιA :A →
K denotes the natural inclusion. Then ιLi :Li → K can be continuously extended to a map
ι¯Li :Li → K , and clearly ι¯Li (Li) = ClK(Li). To construct a closed surface from Li we
collapse each boundary component of Li to a single point, and the resulting closed surface
is denoted by L̂i .
Let us assume that SK is the disjoint union of embedded circles, and make further
definition on branch circles. Throughout this paper we will treat any immersed circles and
arcs as paths whether we specify or not the parametrization on them. To denote the reverse
path and the k-times concatenation, if possible, of a path α, we use symbols α−1 and αk
respectively, and α∗β denotes the concatenation of paths α and β . A closed path C1 ⊂ K is
said to be twistedly parallel to a closed path C2 ⊂ K if for n larger than 1, C1 or C2 is freely
homotopic to Cn or (C−1)n, or Cn or (C−1)n, respectively. In particular a branch circle2 2 1 1
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S is said to bound a twisted disk, simply a TD, if S bounds a smoothly immersed disk in K .
We state our main result.
Theorem 1.2. Assume that a C1 branched surface K admits a π1-injective C1 expanding
immersion f , its branch set SK is the disjoint union of embedded circles, and its connected
components Li of K \ SK are orientable.
(i) If K has a component Li for which the genus of L̂i is greater than or equal to 1, then
the genus of L̂i is exactly 1, and K is the union of immersed tori.
(ii) If every Li is a 2-sphere with holes and K has no STP branch circle which bounds
a TD, then K is the union of immersed annuli.
Remark 1.3.
(i) We have no example of a branched surface which has a smoothly immersed circle
with a self-intersection point as a subset of its branch set, and which does or does
not admit expanding immersions, but we conjecture that there is no branched surface
which has the branch set of such type and admits an expanding immersion.
(ii) The assumption of π1-injectivity is not essential, and furthermore there is an example
of a branched surface which admits a not π1-injective expanding immersion (see [3]),
but such a branched surface seems to be the quotient image of a branched surface
which admits a π1-injective expanding immersion.
(iii) The assumption of the second assertion is not essential, and is made by a very techni-
cal reason. However there seems to be no branched surface which has a STP branch
circle bounding a TD, and which admits an expanding immersion. Therefore we may
expect that the theorem covers a considerably wide class of branched surfaces.
We will give an example that shows the difficulty to exclude the condition on STP
branch circles from Theorem 1.2.
Example 1.4. We will construct a branched surface K from an annulus and a disk, and an
immersion f :K → K which satisfies the all conditions of an expanding immersion except
the condition (c). Let A be an annulus, and S+ and S− its boundary components. Let us
choose an immersion ϕ :S+ → S− of degree 2, and glue A with itself along S+ and S− by
identifying the corresponding three points under ϕ. Then we obtain a branched surface K0
with single embedded circle branch set S0. Any non-trivial simple closed curve C ⊂ IntA
corresponds to a curve in K0, denoted by the same symbol C, twistedly parallel to S0 and
itself. Let us glue a disk D with K0 along C and the boundary of D so that the gluing locus
forms a branching locus S1. Then we obtain a branched surface K with branch set SK the
disjoint union S0  S1 (see Fig. 3).
To construct f , first we will define an immersion from a plane P to K . As shown in
Fig. 3, let us call the subsets of K bounded by S0 and S1, which are immersions of annuli,
A1 and A2. In a plane P , we choose concentric circles Cn−1 of radii n = 1,2,3, . . . .
Then we define an immersion p :P → K as follows: (i) the disk D0 bounded by C0 is
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diffeomorphically mapped on D ⊂ K , (ii) for odd n, the annuli A(n) bounded by Cn−1
and Cn are mapped on A1 as (n + 1)/2 fold covering except S0, and on S0 as n + 1 fold
covering, (iii) for even n, A(n) are mapped on A2 as n fold covering. We can choose metrics
on P and K so that S0 has the same length as S1 and p is locally isometric.
Next we define an immersion f˜ :P → P as follows: (i) D0 is mapped on D0 ∪ A(1),
(ii) A(n) are mapped on A(2n) ∪ A(2n+1). Replacing metrics on P and K leaving p to be
locally isometric, if necessary, we may assume that f˜ expands the metric in any direction.
By our construction, we can choose f˜ so that it projects down to an immersion f :K → K .
Furthermore we can choose f˜ so that Ω(f ) = (K − IntD)∪{the center of D}, but for any
choice of f˜ , D cannot be included in Ω(f ).
It seems that this example implies that also in general case, if there exists a STP branch
circles bounding a TD, then not geometrical, but very dynamical reason prohibits the exis-
tence of an expanding immersion.
In Section 2 to construct a covering space on Li , we give an equivalence relation on
a connected component of the inverse image (f n)−1(Li), and make its quotient space by
this equivalence relation. This quotient space will be the entire space of our covering space
on Li , and f n will induce its projection. We show fundamental lemmas for this covering
space except one about its degree, and state the strategy of our proof of the theorem. For
the preliminaries of the next section, we give a description of the topology of a regular
neighborhood of a branch circle. Section 3 is devoted to show a lemma on the degree of
the covering space on Li which is excluded in Section 2. We give a proof of the theorem
in Sections 4 and 5.
2. Preliminaries
Let K be a C1 branched surface which has the branch set SK and admits a C1 expanding
immersion f . For simplicity a connected component Li of K \ SK is denoted by L. L
and L̂ denote the corresponding objects to ones defined for Li . For a positive integer n,
Ln denotes a connected component of (f n)−1(L). Two points x, y ∈ Ln are said to be
equivalent if there exists a path γ : I → Ln with γ (0) = x and γ (1) = y such that f n ◦γ is
homotopic, in L, to the constant map with value f n(x) leaving the end points fixed. x ∼ y
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Ln. The path γ is called an e-path from x to y. Identifying equivalent points, we obtain
the quotient space Lnbg from L
n
. pn :L
n → Lnbg denotes the projection. Lnbg is an ordinary
surface as shown in Lemma 2.1. Note that usually the range of a restricted map is left to be
the one of the original map, but in this paper we assume that it is not the original range but
its image, and under this note we state Lemma 2.1.
Lemma 2.1. For any positive integer n, Lnbg is an open surface, and f n|Ln :Ln → L
induces a covering map f nbg :L
n
bg → L.
Proof. Let us choose a point x¯ ∈ Lnbg , and set {x1, x2, . . . , xk} = p−1n (x¯). Let Uj be
mutually disjoint open neighborhoods in Ln of xj homeomorphic to one of the local
models. By the injectivity of df , shrinking Uj if necessary, we may assume that pn(Uj ),
j = 1,2, . . . , k, are the same open disk U because f n(Uj ) lie in the ordinary surface L.
Furthermore we will show that there exists a positive number ε such that if the diameter of
Uj is less than ε, then
p−1n (U) =
k⋃
j=1
Uj . (1)
Assume for purpose of contradiction that for any large positive integer r the diameter of
Uj is less than 1/r , and there exists a non-empty open set Vr such that Vr ∩ Uj = ∅ for
any j and p−1n (U) = (
⋃k
j=1 Uj ) ∪ Vr . Let us choose points yr ∈ Vr . Then passing to a
subsequence, if necessary, {yr} converges to a point y ∈ ∂ ClK(Ln). By construction y is
mapped to f n(xj ) ∈ L under f n, but this is a contradiction.
Let x¯, x¯′ be distinct points in Lnbg . Then we can choose open neighborhoods
⋃k
j=1 Uj
of p−1n (x¯) and
⋃k′
j=1 U ′j of p−1n (x¯′) such that they are disjoint and satisfy (1) because Ln
is Hausdorff. Thus the neighborhoods U and U ′ of x¯ and x¯′ constructed as in the last
paragraph are disjoint. It follows that Lnbg is a C0 2-manifold. Using these neighborhoods
U and the local coordinate systems of K , we can easily construct a coordinate system of
Lnbg which defines a C1 structure on L
n
bg .
f nbg(x¯) is defined by f n(x1), and it is clear that f
n
bg is a well-defined C1 immersion.
Therefore f nbg :L
n
bg → Ln is a covering map. This completes the proof. 
Let Lnbg be the compact surface of which interior is L
n
bg , and L̂
n
bg denotes the closed
surface obtained from Lnbg by collapsing each boundary component of L
n
bg to a single
point. For the topology of L̂nbg we have
Lemma 2.2. rankH1(L̂nbg;Z) rankH1(K;Z).
Proof. Let r = rankH1(L̂nbg;Z). We choose smoothly embedded circles C1,C2, . . . ,Cr
in L̂n which define linearly independent elements of H1(L̂n ;Z). We may assume thatbg bg
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with ∂Lnbg . It is clear that the corresponding closed paths in L
n
bg/∂L
n
bg define linearly
independent elements of H1(Lnbg/∂L
n
bg;Z). Let us choose smoothly embedded circles
C˜j in p−1n (Cj ). This is in fact possible because Ln is mapped on the ordinary sur-
face L. Then since pn induces a continuous map p˜n : ClK(Ln)/∂(Ln) → Lnbg/∂Lnbg , where
∂(Ln) = ClK(Ln) − Ln, C˜j , j = 1,2, . . . , r , define linearly independent elements of
H1(ClK(Ln);Z) and H1(ClK(Ln)/∂(Ln);Z).
Note the composition of the inclusion ιClK(Ln) : ClK(Ln) → K and the projection K →
K/(Ln)c = ClK(Ln)/∂(Ln) is the projection ClK(Ln) → ClK(Ln)/∂(Ln), where (Ln)c
denotes the complement of Ln in K . This implies that C˜j define linearly independent
elements of H1(K;Z), and thus completes the proof of the lemma. 
Throughout this paper, whenever the degree d of a map from a circle to a circle is
argued, we assume that orientation on circles is given so that d is positive. Let us choose
a C1 embedded circle C in L which defines an element of H1(K;Z) of infinite order. We
can find an embedded circle C(n) ⊂ (f n)−1(C) ∩Ln, because C does not pass the branch
set. Set dn = deg(f n|C(n) :C(n) → C). Then we can easily show the following lemma by
the metric expanding property of f .
Lemma 2.3. For any choice of a sequence of embedded circles C(n), n  1, the se-
quence {dn} tends to infinity.
Now we briefly explain our strategy on a proof of Theorem 1.2. For positive integers n
and L we choose a sequence of connected components Ln of (f n)−1(L). Then we have
covering maps f nbg :L
n
bg → L. These induce branched coverings fˆ nbg : L̂nbg → L̂. Let us
choose a smoothly embedded circle C ⊂ L which defines an element of H1(K;Z) of
infinite order, and let us choose embedded circles C(n) ⊂ (f n)−1(C) ∩ Ln. Set C(n)bg =
pn(C
(n)). If {deg(pn|C(n))} is bounded by a constant which does not depend on f or n, but
only on the topology of K , by Lemma 2.3 {deg(fˆ nbg|C(n)bg )} tends to infinity. Thus {deg fˆ nbg}
does so as well. On the other hand, by Lemma 2.2 {|χ(L̂nbg)|} has an upper bound. These
give a strict restriction on the topology of L. To obtain further information, we will use the
Riemann–Hurwitz formula (see [1]). This is the basic idea to prove the theorem. Therefore
it is crucial to show the boundedness of {deg(pn|C(n))} for suitably chosen C(n). An upper
bound will be given by the number of “twisted” branch circles, which are characterized by
the type of their regular neighborhoods in K .
In the rest of this section we give an exposition on the topology of closed regular neigh-
borhoods of branch circles. Let K be a branched surface, and assume that the branch set
SK is the disjoint union of embedded circles. For a branch circle S ⊂ SK , we choose a
closed tubular neighborhood N . Then there are two topological types for N . One of the
two is reconstructed from three annuli N+1 , N
+
2 , N
− as follows. We smoothly glue N+1
with N− and N+2 with N− along boundary components C1 and C2 of N
+
1 and N
+
2 and
a single common boundary component C− of N− simultaneously by identifying C1 with
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and N−. They are smoothly glued along their boundary components C+ and C− by the
identification defined by an immersion of degree two from C+ to C−. If S has a regular
neighborhood of the latter type, S is said to be twisted, otherwise it is said to be untwisted.
A topological space homeomorphic to a closed regular neighborhood of a twisted branch
circle is called a twisted annulus.
Assume that S defines an element of π1(K,∗) of infinite order. Let S˜ be a connected
component of π−1(S), where π : K˜ → K denotes the universal covering, and N˜ the
connected component of π−1(N) including S˜. Whether S is twisted or not, N˜ is recon-
structed from three infinite strips N˜+1 , N˜
+
2 and N˜
−
, where π(N˜+ε ) = N+ε , ε = 1 or 2, or
π(N˜+1 ∪ N˜+2 ) = N+, and π(N˜−) = N−, but the action on N˜ of the covering transforma-
tion τS defined by [S] ∈ π1(K,∗) is different. If S is twisted, for x˜ ∈ N˜+1 , τS(x˜) ∈ N˜+2 , and
otherwise τS preserves N˜+1 and N˜
+
2 , respectively.
We call S˜ a branch line over S, and the side of S˜ which includes N˜+1 or N˜
+
2 is called
the branch side of S˜ and the other side is called the unbranch side of S˜. Even if S defines
an element of finite order, we call S˜ a branch line by abuse of terminology. For S itself, its
branch and unbranch side are well defined only locally.
3. The boundedness of the degree of pn
Throughout the rest of this paper, let f :K → K be a π1-injective C1 expanding im-
mersion on a C1 branched surface K with branch set SK , L a connected component Li
of K \ SK . We choose an embedded circle C ⊂ L and a connected component Ln of
(f n)−1(L). Then by Lemma 2.1 we have a covering map f nbg :Lnbg → L. We can find an
embedded circle C(n) in (f n)−1(C)∩Ln, and set C(n)bg = pn(C(n)). The aim of this section
is to show the assertion on the boundedness of deg(pn|C(n)) stated in the last section.
Let z be the base point of C, and choose a point x ∈ C(n)bg such that f nbg(x) = z. Set
{x1, x2, . . . , xm} = p−1n (x) ∩ C(n), and we assume that xk lie in this order on C(n). Let ak
be the path in C(n) from xk to xk+1 which does not include any xk′ in its interior. Since xk
is equivalent to xk+1, there exists an e-path γk in Ln from xk to xk+1. Set δk = ak ∗ γ−1k .
Then we have
Lemma 3.1. δk are freely homotopic to each other.
Proof. Set
Δk = a1 ∗ · · · ∗ ak−1 ∗ δk ∗ a−1k−1 ∗ · · · ∗ a−11 .
Δk are extended closed paths of δk with common base point x1. Since f n ◦ γk are ho-
motopic to the constant path cz with value z, [Δk] ∈ π1(Ln, x1) are mapped to [C]d ∈
π1(L, z) under the induced homomorphism of f n|Ln :Ln → L, where d is the degree of
f n |C(n) :C(n) → C.bg bg bg
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and π1(K, z). It follows that
[Δ1] = [Δ2] = · · · = [Δm]
because of the π1-injectivity of f . This implies the lemma. 
In the first paragraph of Section 2 we made the definition of an e-path. In Lemma 3.1, we
construct a closed path δk from an e-path. Here we make a definition for closed paths con-
structed as this closed path. For any two equivalent points x′ and x′′ on C(n) let us choose
a simple subpath ax′x′′ of C(n) from x′ to x′′ according to the given direction on C(n), and
concatenate ax′x′′ with the reverse path of an e-path γ from x′ to x′′. The obtained closed
path δ = ax′x′′ ∗ γ−1 is called an e-closed path from x′ to x′′, and we call a closed path
homotopic to δ leaving the end points fixed a homotopy e-closed path.
It is easy to show the following lemma.
Lemma 3.2. For any smooth path α in L there exists a smooth path α′ arbitrarily near
to α such that it is homotopic to α leaving the end points fixed and any smooth path α′n
in Ln with f n ◦ α′n = α′ has transverse intersection with SK . If α is an embedded circle,
we can choose α′ as to be an embedded circle, and thus the concatenation β ′n of suitably
chosen inverse images α′n is an embedded circle intersecting SK transversely and satisfies
f n ◦ β ′n = α′k for some positive integer k.
From now on we assume that the branch set SK is the union of mutually disjoint em-
bedded circles. Let β be an embedded circle in K . A connected component β˜ of π−1(β)
is called a lift line of β. Remark that if β defines an element of π1(K,∗) of infinite order,
β˜ is in fact an embedded line in K˜ , and otherwise, it is not so.
We introduce a new concept of intersection which is proper to branched surfaces. A path
β is said to have a folded intersection with a branch circle S if there exist a lift β˜ of β and
a branch line S˜ of S such that leaving the end points fixed, β˜ has the geometric intersection
number 1 with S˜, and a path β∗ which realizes the intersection number 1 reaches S˜ through
its branch side and goes back through its branch side again without entering its unbranch
side. We also say that β˜ has a folded intersection with S˜. Remark that for any embedded
circle C ⊂ L, we can choose C(n) in any connected component of (f n)−1(C) so that it has
no folded intersection with any branch circle, and thus we will always choose C(n) as to
satisfy this condition. We will show the following.
Lemma 3.3. Assume that an embedded circle C ⊂ L defines an element of π1(K,∗) of
infinite order. For any connected component Ln of (f n)−1(L), there exists an embedded
circle C(n) ⊂ (f n)−1(C)∩Ln which satisfies either of the following two conditions:
(a) deg(pn|C(n)) = 1,
(b) deg(pn|C(n)) 2, and for any two consecutive equivalent points on C(n) there exists a
homotopy e-closed path such that it has a folded intersection with some branch circle
S∗ which does not intersect C(n).
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may assume that C(n) intersects SK transversely. We assume that deg(pn|C(n))  2, and
let x and x′ be consecutive equivalent points on C(n). Let γ0 be an e-path from x to x′.
Let γ˜0 be a lift of γ0, and let C˜(n)1 and C˜
(n)
2 be lift lines of C
(n) such that γ˜0(0) ∈ C˜(n)1 and
γ˜0(1) ∈ C˜(n)2 . Replacing γ0 by a suitable one, if necessary, we may assume that γ0 intersects
SK and (f n)−1(C) transversely and γ˜0 intersects C˜(n)ε+1 only at γ˜0(ε) for ε = 0,1. We will
show the lemma by dividing it into sublemmas. The first one is as follows.
Lemma 3.3.1. Replacing C(n) in (f n)−1(C) ∩ Ln, if necessary, for any two consecutive
equivalent points on C(n) there exists a homotopy e-closed path such that it does not inter-
sect (f n)−1(C) except at its end points, and departs from C(n) and reaches C(n) through
the same side of C(n).
Proof. Assume that the e-path γ0 intersects connected components C(n)1 ⊃ C(n),C(n)2 , . . . ,
C(n)k = C(n)1 of (f n)−1(C) in this order. Let us divide γ0 into subpaths γ j , j = 1,2, . . . ,
k−1, such that the end points of γ j lie in C(n)j and C(n)j+1, and γ0 = γ 1 ∗γ 2 ∗ · · · ∗γ k−1. Let
γpr and γ jpr be the projection images of γ0 and γ j in the quotient space Ln/((f n)−1(C)∩
Ln). Here we note that f n induces the quotient map f npr :K/(f n)−1(C) → K/C, and
(f npr)∗[γpr ] = 1, where (f npr)∗ is the induced homomorphism of f npr . Let us choose a
system W of generators of π1(L/C,∗), and assume that (f npr)∗[γ jpr ] are presented by
reduced words for W .
We will show that for some j , C(n)j = C(n)j+1 and (f npr)∗[γ jpr ] = 1. If C is peripheral
in L, the assertion can be shown easily, and so we assume that C is not peripheral in L.
Assume for purpose of contradiction that for any j , 2  j  k − 2, C(n)j = C(n)j−1 and
C(n)j = C(n)j+1, and (f npr)∗[γ jpr ] = 1. Since f n ◦ γ intersects C transversely, f n ◦ γ j starts
from C, and then goes into the side of C opposite to the one through which f n ◦ γ j−1
reaches C. Recalling that f n ◦ γ lies in the ordinary surface L, this implies that any
cancellation of letters does not occur when we make the product of (f npr)∗[γ j−1pr ] and
(f npr)∗[γ jpr ], and of (f npr)∗[γ jpr ] and (f npr)∗[γ j+1pr ]. Then this contradicts (f npr)∗[γpr ] = 1.
Therefore for some j , C(n)j = C(n)j+1. If (f npr)∗[γ jpr ] = 1, then by the argument similar to
the above, we have (f npr)∗[γpr ] = 1 again. We conclude that for some j , C(n)j = C(n)j+1
and (f npr)∗[γ jpr ] = 1. We may assume that a lift of γj connects distinct components of
π−1(C(n)j ), because if it is not the case, we can shortcut γ0 such that the resulting path is
kept to be an e-path, and does not intersect C(n)j or C(n)j+1, and we may restart the argument
for the shortcut e-path as an initially chosen e-path.
Set γ ′ = γj . We move the end points of γ ′ leaving them in C(n)j so that f n ◦γ ′(0) = f n ◦
γ ′(1). Set z′ = f n ◦ γ ′(0). Let us choose an embedded circle C′(n) ⊂ C(n)j , and choose a
point x′1 in (f n)−1(z′)∩C′(n) and a path γ− in C(n)j connecting x′1 to γ ′(0). Then there exist
a path γ+ in C(n)j and a point y′ in (f n)−1(z′)∩C′(n) such that γ+ connects γ ′(1) to y′ and
f n ◦ (γ− ∗ γ ′ ∗ γ+) is homotopic to the constant map cz′ . Thus the path γ ′′ = γ− ∗ γ ′ ∗ γ+
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1 r  k′. By the property of a lift of γ ′ and the π1-injectivity of f , we know that r = 1.
We replace C(n) by C′(n) and denote C′(n) by the symbol C(n) again. Let us choose
branch lines C˜(n)1 and C˜
(n)
r of C(n) which are connected by a lift γ˜ ′′ of γ ′′. We assert that
the side of C˜(n)1 through which γ˜
′′ leaves C˜(n)1 and the side of C˜
(n)
r through which γ˜ ′′
reaches C˜(n)r project down the same side of C(n). Assume for purpose of contradiction that
they project down its distinct side to each other. Then the closed path f n ◦ γ ′′ intersects
C with geometric intersection number 1 in the ordinary surface L. This contradicts that
f n ◦ γ ′′  cz′ .
Let us drop off the dash from x′j and simply denote them by xj . We construct an e-
closed path δ′′ from x1 to xr by γ ′′. If r = 2, then we know that C(n) is a desired one,
because for any two consecutive equivalent points y and y′, there exist subpaths α and α′
of C(n) connecting y to x1 and xr to y′ such that γyy′ = α∗γ ′′ ∗α′ is an e-path from y to y′,
and perturbing an e-closed path δ′
yy′ constructed by γyy′ , we obtain a desired homotopy e-
closed path δyy′ . We assume that r > 2. In this case, C(n) is also a desired one. We choose
an e-path γ1 from x1 to x2 and construct an e-closed path δ1 by γ1. Then since δr1  δ′′
by Lemma 3.1, γ1 departs from C(n) and reaches it again through the same side of it and
does not essentially intersect any component of (f n)−1(C). Thus for y and y′ we obtain
a desired homotopy e-closed path from γ1 by the same way as the previous case. This
completes the proof of Lemma 3.3.1. 
We will show the next sublemma.
Lemma 3.3.2. C(n) of Lemma 3.3.1 has zero geometric intersection number with any
branch circle.
Proof. Assume for purpose of contradiction that there exists a branch circle S with which
C(n) has non-zero geometric intersection number. Then by the remark above Lemma 3.3
S is not twistedly parallel or essentially parallel to C(n), and thus there exists a branch line
S˜ of S such that its each end lies in the distinct side of a lift line C˜(n)1 of C
(n)
. Let δ be a
homotopy e-closed path for two consecutive equivalent points as stated in Lemma 3.3.1,
and let C˜(n)2 be the lift line of C
(n) such that there exists a lift δ˜ of δ connecting C˜(n)1
with it. Set x˜11 = δ˜(0) and x˜21 = δ˜(1). Let us consider a minimal contractible region W
bounded by δ˜, τC(n) (δ˜), and two lifts C
(n)
1 , C
(n)
2 of C
(n) with end points x˜11 and τC(n) (x˜
1
1),
and x˜21 and τC(n) (x˜
2
1) respectively, where τC(n) denotes the covering transformation defined
by C(n). We may assume that S˜ enters W through C(n)1 and after that never goes back to
the previous side of C˜(n)1 . Since by assumption the branch set SK has no crossing point like
the symbol “+”, S˜ exits W through δ˜, τC(n) (δ˜) or C(n)2 . Thus we have the following two
cases:
(a) S˜ exits W˜ =⋃∞k=−∞ τ kC(n) (W) through C˜(n)2 ,
(b) S˜ never exits W˜ .
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C(n)
(S˜) intersects
C˜
(n)
1 and C˜
(n)
2 , W˜ is a ‘almost’ smooth infinite strip, i.e., a smooth strip possibly with non-
smoothly glued disks and/or twisted branch circles. Therefore by Lemma 3.3.1 the induced
orientation on C˜(n)1 and C˜
(n)
2 are distinct to each other, i.e., they are tending to the different
ends of W˜ according to the orientation, but this contradicts the direction of the action of
τC(n) on C˜
(n)
1 and C˜
(n)
2 .
Suppose that the case (b) happens. Then for any k, τ k
C(n)
(S˜) enters W˜ , and therefore
infinitely many τ k
C(n)
(S˜) intersect δ˜, but this contradicts the compactness of δ and S, and
completes the proof of this sublemma. 
We turn back to the proof of Lemma 3.3. If W˜ intersects only branch lines of branch
circles not either twistedly parallel or essentially parallel to C(n), by Lemma 3.3.2 the
intersection of W˜ with a branch line is the finite union of arcs. Thus applying the argument
for the case (a) in the proof of Lemma 3.3.2, this assumption leads to a contradiction on
orientation, and we conclude that W˜ intersects branch lines of branch circles twistedly
parallel or essentially parallel to C(n). Applying the same argument again, we know that δ˜
has a folded intersection with some branch line.
Let S′ be a branch circle twistedly or essentially parallel to C(n) one of whose branch
lines S˜′1 intersects W˜ . Assume that S˜′1 intersects C˜
(n)
1 . If S˜
′
1 intersects C˜
(n)
2 , W˜ is an ‘al-
most’ smooth strip again, and this leads to a contradiction. Therefore S˜′1 does not intersect
C˜
(n)
2 , and there exists another branch line S˜
′
2 of S
′ which intersects with C˜(n)2 . Let us choose
a point p ∈ C(n) ∩ S′. Then we can choose a closed path δp with base point p which is
freely homotopic to δ, and choosing S˜′2 suitably we may assume that a lift δ˜p of δp con-
nects S˜′1 with S˜′2. We assert that δp has a folded intersection with a branch circle twistedly
or essentially parallel to S′ and thus to C(n). Otherwise we have a contradiction on the
induced orientation of S˜′1 and S˜′2 similarly to the argument for the case (a) in the proof of
Lemma 3.3.2. Since there are only finite number of lift lines of branch circles twistedly or
essentially parallel to C(n) which intersect C˜(n)1 , repeating the above argument we find a
desired branch circle S∗ one of which lift line S˜∗ is included in W˜ and does not intersect
C˜
(n)
1 and C˜
(n)
2 , and furthermore with which δ has a folded intersection. This completes the
proof of the lemma. 
Furthermore we assert that there is a branch circle S∗ which satisfies the following
additional condition.
Lemma 3.4. Assume the condition of Lemma 3.3. Let Cn ⊂ (f n)−1(C) ∩ Ln be an em-
bedded circle satisfying the conclusion of Lemma 3.3. Then there exists a branch circle
S∗ which satisfies the conclusion of Lemma 3.3 and the following: for any branch line S˜∗
of S∗,
τδ(S˜
∗) = S˜∗,
where τδ is the covering transformation defined by a homotopy e-closed path δ for any two
consecutive equivalent points on C(n).
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successively the lifts δ˜2, δ˜3, . . . , δ˜m so that δ˜r−1(1) = δ˜r (0), where m is the degree of the
map pn|C(n). Set Δ = δ˜1 ∗ δ˜2 ∗ · · · ∗ δ˜m. Then Δ is homotopic to a lift C(n)1 of C(n) leaving
the end points fixed.
Let C˜(n)r be the lift lines of C(n) such that δ˜r (0) ∈ C˜(n)r . We remark that by our choice
of S˜∗, both C˜(n)r and C˜(n)r+1 are in the branch side of τ
r−1
δ (S˜
∗), and thus lie in the distinct
components of K˜ \ τ r−1δ (S˜∗).
Assume that δ˜2 does not pass S˜∗. Then by induction δ˜r does not pass τ r−2(S˜∗) for
2  r  m. This and the remark of the last paragraph imply that δ˜r does not pass τ sδ (S˜∗)
for s  r − 2, but this contradicts that Δ returns to C˜(n)1 . Thus we know that δ˜2 passes S˜∗.
It follows that τδ preserves the family S of branch lines of S∗ with which δ˜1 has folded
intersections. By the remark in the last paragraph again, δ˜2 intersects each branch line of
S in the reverse order to the one for δ˜1. Therefore we conclude that τ 2δ (S˜∗) = S˜∗.
If τδ(S˜∗) = S˜∗, then S∗ is a desired branch circle. Assume that τδ(S˜∗) = S˜∗. Set S˜∗′ =
τδ(S˜
∗). Since δ˜1 has folded intersections with S˜∗ and S˜∗′, a subpath of δ˜ connects S˜∗
with S˜∗′ through their branch sides. From this and by an argument similar to the proof of
Lemma 3.3 we can show that δ˜1 has a folded intersection between S˜∗ and S˜∗′. Repeating
this argument, if necessary, we can find a desired branch circle. This completes the proof
of the lemma. 
By Lemma 3.4 we can easily show that assigning a suitable orientation to S∗, we have
that τδ = τ kS∗ for some positive integer k. We will prove that k = 1.
Lemma 3.5. Using the notation of Lemma 3.4,
τδ = τS∗ .
Proof. Let us use the notation in the proof of Lemma 3.3 and 3.4. Assume for purpose of
contradiction that k > 1. Let z˜1 be the first intersection point of δ˜1 with S˜∗, and ζ˜ denotes
the arc in δ˜1 bounded by x˜11 = δ˜1(0) and z˜1. Set ζ˜ ′ = τS∗(ζ˜ ) and z˜2 = τδ(z˜1). Then ζ˜ ′
intersects S˜∗ at z˜′ = τS∗(z˜1), and z˜′ lies on S˜∗ between z˜1 and z˜2.
Set ζ = π(ζ˜ ). Since f n(ζ ) is in the ordinary surface L and f n ◦ δ intersects C only at
the base point, we can find the path ζ˜ ′′ ⊂ (f˜ n)−1(f˜ n(ζ˜ )) which connects z˜′ with a point
w˜ on C˜
(n)
1 . It is clear that π(w˜) is equivalent to xj . Set ζ
′′ = π(ζ˜ ′′). Let C′′(n) be the
subpath of C˜(n)1 from x˜
1
1 to w˜. Since f
n(ζ ) = f n(ζ ′′), f n ◦ (ζ−1 ∗ (π ◦ C′′(n)) ∗ ζ ′′) is
homotopic to the finite concatenation of Cd or C−d , where d = deg(f nbg|C(n)bg :C(n)bg → C),
but ζ˜−1 ∗ C′′(n) ∗ ζ˜ ′′ is homotopic to the lift of S∗ bounded by z˜1 and z˜′, and f n ◦ S∗ is
homotopic to Cd ′ , where d ′ < d . This is a contradiction and completes the proof of the
lemma. 
The following is clear.
Corollary 3.6. S∗ is twisted, and m = deg(pn|C(n)) is even.
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we can show that there exists a branch circle S∗2 which satisfies:
(a) δ˜1 ∗ δ˜2 has a folded intersection with S∗2 .
(b) S∗2 is twisted.
(c) Set m2 = m/2. If m2 > 1, then m2 is even.
By induction we obtain the following corollary.
Corollary 3.7. Set S∗1 = S∗. There exists a positive integer r0 to satisfy 2r0 = m, and for
any positive integer r  r0 − 1 there exist branch circles S∗r+1 which satisfy:
(a) δ˜1 ∗ δ˜2 ∗ · · · ∗ δ˜2r−1 ∗ δ˜2r have folded intersections with S∗r+1.
(b) S∗r+1 are twisted.
Finally we will show the main assertion of this section.
Proposition 3.8. Let C ⊂ L be an embedded circle which defines an element of H1(K;Z)
of infinite order. Let Ntb be the number of twisted branch circles in K . Then for any n
and any connected component Ln of (f n)−1(L), there exists an embedded circle C(n) ⊂
(f n)−1(C)∩Ln such that
deg
(
pn|C(n)
)
 2Ntb .
Proof. Using the notation in Corollary 3.7, it is sufficient to show that S∗1 , S∗2 , . . . , S∗r0 are
distinct. Suppose that S∗r = S∗r ′ for r < r ′. Then there exists a closed path T such that[
T ∗ S∗r ∗ T −1
]= [S∗r ]2r′−r
and thus [S∗r ] is finite order as element of H1(K;Z). It follows that [C] is finite order
because C is twistedly parallel to S∗r , but this contradicts our choice of C. 
4. Proof of Theorem 1.2(1)
In this section we will prove the assertion (i) of Theorem 1.2 by dividing it into some
propositions. We start with the following proposition which shows the first half of the
assertion (i). We call the following condition “Condition (A)”; a branched surface K admits
a π1-injective C1 expanding immersion f , and its branch set SK is the disjoint union of
embedded circles, and its connected components L of K \ SK are orientable.
Proposition 4.1. Under Condition (A), if the genus of L̂ is greater than or equal to 1, L̂ is
homeomorphic to a 2-torus.
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surface of genus greater than 1. For a positive integer n, let us consider a branched covering
fˆ nbg : L̂
n
bg → L̂. Then
χ
(
L̂nbg
)
 deg fˆ nbg · χ(L̂) (2)
by the Riemann–Hurwitz formula.
There exists an embedded circle C ⊂ L such that it defines an element of H1(L̂;Z) of
infinite order. It is easy to show that C defines an element of H1(K;Z) of infinite order.
Then by Proposition 3.8 there exists an embedded circle C(n) ⊂ Ln ∩ (f n)−1(C) such that
deg(pn|C(n)) 2Ntb , and thus we have
deg fˆ nbg  deg
(
f n|C(n))/deg(pn|C(n))
 deg
(
f n|C(n)) · 2−Ntb . (3)
Let us choose a sequence of connected components of (f n+k)−1(L) for k  0,
Ln,Ln+1, . . . ,Ln+k,Ln+k+1, . . . , and choose embedded circles C(n+k) ⊂ Ln+k ∩
(f n+k)−1(C) which satisfy the inequality (3) replacing n by n + k. Then by Lemma 2.3,
deg(f n+k|C(n+k)) → ∞ as k → ∞, and thus we have
deg fˆ n+kbg → ∞ as k → ∞. (4)
Therefore by the inequality (2) and (4) we have χ(L̂nbg) → −∞ as n → ∞, and thus
rankH1(L̂nbg;Z) → ∞ as n → ∞. This and Lemma 2.2 imply that rankH1(K;Z) is in-
finite, but this is a contradiction. Therefore the genus of L̂ is 1, and we have finished the
proof of the proposition. 
To complete the proof of Theorem 1.2(i) we will show two propositions, but before
stating them, we give a preparatory argument on compactification of Ln. For a connected
component S(n) of ∂ ClK(Ln), if both S(n) and f n(S(n)) are twisted branch circles, and if
a sufficiently thin neighborhood of S(n) in ∂ ClK(Ln) lies in the branch side of S(n), and
is mapped to the branch side of f n(S(n)) under f n, then along the boundary of Ln corre-
sponding to S(n), Ln is capped by a circle S˜(n), which is mapped on S(n) by degree 2 under
the natural continuous extension of ιLn . Otherwise along the boundary of Ln corresponding
to S(n), we compactify Ln by attaching a copy of S(n). The obtained compactification of
Ln is denoted by Ln. Note that there exist the unique continuous extensions f¯ n :Ln → L
of f n :Ln → L, and p¯n :Ln → Lnbg of pn :Ln → Lnbg , and they are smooth and satisfy
f¯ n = f¯ nbg ◦ p¯n, where f¯ nbg denotes the naturally extended immersion of f nbg .
Proposition 4.2. Under Condition (A), if L̂ is homeomorphic to a 2-torus, along any con-
nected component of ∂ ClK(L), ClK(L) is smoothly glued only with immersed disks in K .
Proof. Let r be the number of connected components of ∂L. For a positive integer n
we choose a connected component Ln of (f n)−1(L), and construct a covering map
f n :Ln → L. Let mj be the number of connected components of ∂Ln which are mappedbg bg bg
1790 E. Hayakawa / Topology and its Applications 153 (2006) 1775–1799to a component C∂j , j = 1,2, . . . , r, of ∂L under the covering map f¯ nbg . Then by the
Riemann–Hurwitz formula we have
χ
(
L̂nbg
)= deg fˆ nbg · χ(L̂)− r∑
j=1
(
deg fˆ nbg −mj
)
= −
r∑
j=1
(
deg fˆ nbg −mj
)
 0. (5)
For integers n¯ > n we choose connected components Ln¯ of (f n¯)−1(L) with f n¯−n(Ln¯) =
Ln. If two points x, y ∈ Ln¯ are equivalent to each other, f n¯−n(x) and f n¯−n(y) are equiva-
lent in Ln. It follows that we have covering maps f n¯,nbg :L
n¯
bg → Lnbg. Applying an argument
similar to the proof of Proposition 4.1 to these covering maps, we can show that L̂nbg is
homeomorphic to a 2-torus. This and the inequality (5) imply that χ(L̂nbg) = 0 and
mj = deg fˆ nbg. (6)
Let T (n)j be a connected component of (f¯ n)−1(C∂j ), and set C
∂,(n)
bg,j = p¯n(T (n)j ), and
T
(n),imm
j = ι¯Ln(T (n)j ). For any embedded circle C∂,(n)j ⊂ T (n)j we will show the following
assertion.
Assertion 4.3. deg(p¯n|C∂,(n)j ) 2Ntb .
Proof. Let S1, S2, . . . , Sr be branch circles which form ∂ ClK(L). Note that ι¯L(C∂j ) = Sj .
First we will show that along any Sj , ClK(L) is smoothly glued with an immersed disk.
For each j by the equality (6) the numbers of the corresponding boundary components
T
(n)
j tend to infinity as n tend to infinity. This implies that for sufficiently large n there
exists a connected component B(n)j of K \ Ln such that B(n)j is an embedded disk or two
embedded disks with each halves glued, and ∂B(n)j is some component T
(n),imm
j , because
π1(K,∗) is finitely generated. Thus ClK(L) is smoothly glued with the immersed disk
f n(B
(n)
j ) along Sj .
Now let us recall that π : K˜ → K denotes the universal covering, and f˜ denotes a lift
of f. π1(f n(B(n)j ),∗) may not be finite order, and so in the next three paragraphs, we will
unfold f n(B(n)j ) using f˜ n(B˜
(n)
j ), where B˜
(n)
j is a connected component of π−1(B
(n)
j ). We
will cap L by a newly obtained one which has the fundamental group of finite order, and
construct a branched surface, which will be called K1, and which will be an “unfolding”
of an embedded branched surface of K . Note that f˜ n(B˜(n)j ) is an embedded disk with
boundary a branch line S˜j of Sj . Using K1, we will investigate the inverse images of Sj
under f n′ for a positive integer n′.
Set Sj,1 = Sj and S˜j,1 = S˜j . Let us choose an integer q so that 2q = deg(π |S˜j,1) if
Sj,1 is twisted and f n(B(n)j ) lies in its branch side, and otherwise 2q−1 = deg(π |S˜j,1).
Then there exist q − 1 twisted branch circles Sj,2, Sj,3, . . . , Sj,q such that their lift lines
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S˜j,l+1 bound an annulus A˜j,l and S˜j,q bounds a disk A˜j,q . Set Aj,l = π(A˜j,l).
Let σj,l be the element of π1(K,∗) defined by a simple closed path in the interior of
Aj,l essentially parallel to Sj,l+1. By collapsing the orbits of the action of the covering
transformation τσj,l on A˜j,l to single points, we obtain an annulus Âj,l as its quotient
space. Note that Âj,l are naturally immersed in K with their image Aj,l . Let us smoothly
glue Âj,l with Âj,l+1 along their boundary corresponding to S˜j,l+1 for l = 1,2, . . . , q − 2
consecutively and glue Âj,q with Âj,q−1 along the one corresponding to S˜j,q so that each
gluing locus in the resulting space has a neighborhood diffeomorphic to Sj,l’s. Then we
obtain a branched surface Bj with boundary a single circle. Note that by construction
π1(Bj ,∗) is finite order, and there exist natural projections pj :B(n)j → Bj and immersions
ij :Bj → f n(B(n)j ) ⊂ K such that f n|B(n)j = ij ◦ pj .
Gluing Bj with ClK(L) by the identification of their boundary defined by ij , we obtain
a C1 branched surface K1, and ij and ι¯L define an immersion iK1 :K1 → K . Note that K1
depends on the choice of n and Ln, but for any choice iK1(K1) is an embedded branched
surface of K and iK1 :K1 → K is an “unfolding” of it. Throughout the end of the proof,
let us fix K1 and forget the special meaning of the symbol n and Ln. For any positive
integer n′, let us consider a composite map f n′K1 = f n
′ ◦ iK1 :K1 → K . Since Ω(f ) = K ,
there exist a positive integer n∗ and a point x ∈ L such that f n∗(x) ∈ L. Then we find a
connected component Ln∗1 of (f
n∗
K1
)−1(L) such that there exists a connected component
Ln
∗
of (f n∗)−1(L) with non-empty intersection with L, and iK1(Ln
∗
1 ) ⊂ Ln
∗
. Note that
f n
∗
K1
(Ln
∗
1 ) = L. For the sake of simplicity, we denote n∗ and Ln
∗ by n and Ln. Ln1 de-
notes the compactification of Ln1 by a way similar to L
n
, and ι¯Ln1 :L
n
1 → K1 denotes the
continuous extension of the inclusion ιLn1 :L
n
1 → K1.
Ln1 is an “almost” torus with holes overlapping L in the sense described below. Let
α,β be simple closed curves in L̂ such that the elements [α], [β] of H1(L̂;Z) defined
by them generate H1(L̂;Z). We may assume that α,β ⊂ L. Then we can find embedded
circles α(n) ⊂ (f nK1)−1(α)∩Ln1 and β(n) ⊂ (f nK1)−1(β)∩Ln1 such that iK1 ◦ ιLn1 ◦ α(n) and
iK1 ◦ ιLn1 ◦ β(n) define elements of infinite order of H(K;Z). By our construction of K1,
this implies that there is no connected component T (n)1,j of ∂L
n
1 which includes a closed
curve C(n) with the property that iK1 ◦ ι¯Ln1 ◦ C(n) is homotopic to a closed curve which
projects to a non-trivial curve in L̂.
Set Kimm1 = iK1(K1). Then iK1(Ln1) = Ln ∩ Kimm1 . Set Ln,imm1 = iK1(Ln1), Ln,imm1 =
iK1(L
n
1), and T
(n),imm
1,j = iK1 ◦ ι¯Ln1 (T
(n)
1,j ). Then T
(n),imm
1,j is a connected component of
∂L
n,imm
1 , and holds one of the following three cases: (i) T (n),imm1,j ⊂ L, (ii) T (n),imm1,j ∩
L = ∅, but T (n),imm1,j ⊂ L, (iii) T (n),imm1,j ∩L = ∅.
Since there is no twisted branch circle in L, and since Ln1 is an almost torus as shown in
the previous paragraph, the argument in the proof of Proposition 3.8 implies that Ln,imm1 ∩
L is injectively immersed in Lnbg under p¯n. Thus in the case (i), clearly T (n),imm1,j is an
embedded circle and deg(p¯n|T (n),imm) = 1, and furthermore T (n),imm = T (n),imm = T (n).1,j 1,j j j
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finished the proof in the case (i).
In the case (ii) there exist connected components of ∂ι¯Ln(Ln), T (n),immj = T (n),immj1 ,
T
(n),imm
j2 , . . . , T
(n),imm
jp , where T
(n),imm
1,j ⊂ T (n),immj , and branch circles Sj1, Sj2, . . . , Sjq
in ∂ ClK(L) such that for any two components T (n),immjk and T
(n),imm
jl , there exist
a sequence T (n),immjl1 = T
(n),imm
jk , T
(n),imm
jl2
, . . . , T
(n),imm
jlm
= T (n),immjl and a sequence
Sjt1, Sjt2, . . . , Sjtm−1 which satisfy that T
(n),imm
jlh
∩ Sjth = ∅, Sjth ∩ T (n),immjlh+1 = ∅ for
h = 1,2, . . . ,m− 1.
Now for the sake of simplicity assume that any iK1(Bjt ) bounded by Sjt , 1  t  q ,
does not include a connected component of ∂Ln,imm1 of type (iii), and that Ln1 ∩ Bjt are
connected. Let us choose embedded circles C(n)jl ⊂ T (n),immjl such that there exist embed-
ded circles C(n)1,j l ⊂ ι¯Ln1 (T
(n)
1,j l) with iK1(C
(n)
1,j l) = C(n)jl . If more than one of T (n),immjl , i.e.,
T
(n),imm
jl1
, T
(n),imm
jl2
, . . . , T
(n),imm
jls
, intersect with a single Sjt , then C(n)1,j l1 ,C
(n)
1,j l2 , . . . ,C
(n)
1,j ls
are connected with each other by an s-od od1,j t in Bjt (see Fig. 4), because Bjt is an im-
mersion image of a disk. Then odj t = iK1(od1,j t ) connects C(n)jl1 ,C
(n)
j l2
, . . . ,C
(n)
j ls
with each
other. Set
G =
(
p⋃
l=1
C
(n)
jl
)
∪
(
q⋃
t=1
odj t
)
,
where odj t = ∅ if Sjt intersects only a single T (n)j l . Then G is covered by curves
CG1 ,C
G
2 , . . . , C
G
v so that
⋃p
l=1 Cjl \
⋃q
t=1 odj t is covered in 1-fold and
⋃q
t=1 odj t is cov-
ered in 2-fold except their center vertices (see Fig. 4).
If some Ln1 ∩Bjt has more than one connected component, then on each connected com-
ponent we choose an s′-od the same way as in the previous case. If there are u connected
components of ∂Ln,imm1 of type (iii) in Bjt , we choose an (s+u)-od instead of s-od to con-
nect embedded circles in those type (iii) connected components and T (n)jm1, T
(n)
jm2
, . . . , T
(n)
jms
with each other, and also construct G and cover it by curves.
By construction CGi , 1  i  v, is homotopic to a simple closed curve CG∗i ⊂ L in
L
n,imm
1 . This implies that deg(p¯n|CGi ) = 1 by the same reason as the case (i), and therefore
for any embedded circle C∂,(n)j ⊂ T (n)j , deg(p¯n|C∂,(n)j ) = 1.
Finally in the case (iii) let us choose Bj which includes T (n),imm1,j . There exist T (n)j1 =
T
(n)
j , T
(n)
j2
, . . . , T
(n)
jt
such that T (n),immjs , 1 s  t , intersect with iK1(Bj ) but do not inter-
sect with Sj . Then since p¯n(Ln) is a 2-torus with open disks deleted, T (n)j1 , T
(n)
j2
, . . . , T
(n)
jt
,
Sj bound a region R which projects down to a disk in Lnbg with open disks deleted.
Let N0 be the number of twisted branch circles totally included in R. First let us as-
sume that Sj does not intersect any connected component of ∂L(n),imm1 of type (ii). Then
since deg(p¯n|Sj ) = 1, it is easy to show that for any embedded circle C∂,(n)j ⊂ T (n)j ,
d = deg(p¯n|C∂,(n)j )  2N0 , and thus d  2Ntb . If some components of ∂L(n),imm1 of type
(ii) intersect Sj , the circle formed by the part of them and the part of Sj satisfies the same
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equation on the degree as the former case because of the result for the case (ii). Thus the
quite same argument can be applied, and then we complete the proof of the assertion. 
We return to the proof of Proposition 4.2. Assertion 4.3 implies that for sufficiently large
n the inverse images of ιL(C∂) under f n have sufficiently small diameter, and thus they
bound embedded disks or glued two disks. Therefore branch circles bound only immersed
disks. This completes the proof. 
To complete the proof of Theorem 1.2(i) we will show the following proposition.
Proposition 4.4. Under Condition (A), if there exists a component L of which L̂ is home-
omorphic to a 2-torus, then any other components L′ of K \ SK form disks which are
smoothly glued with ClK(L).
Proof. By Proposition 4.2 only immersed disks are smoothly glued with ClK(L). Let
K(1) be the union of ClK(L) and all disks smoothly glued with it. Suppose that there
is the union of C1 branched surfaces K ′(2) with boundary the disjoint union of circles such
that it is immersed in K and its boundary is mapped to ∂ ClK(L), and its immersion im-
age K ′(2),imm together with K(1) forms K , but is not smoothly glued with ClK(L) along
their boundary. Note that K ′(2) is uniquely determined if it exists. Let us glue K ′(2) with
K(1) only along ∂ ClK(L), and the resulting branched surface is denoted by K ′. Possibly
K ′(2),imm intersects K(1) except at ∂ ClK(L), and thus K ′ = K , but f determines the ex-
panding immersion f ′ :K ′ → K ′ which projects down to f . Therefore we may assume
that K ′(2),imm intersects K(1) only along ∂ ClK(L). K ′(2),imm bounds the same immersed
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K(2) is the disjoint union of C1 branched surfaces K(2)s , s = 1,2, . . . , r , and K(2)s ∩K(1)
are the union of immersed disks, and let us denote them by Dst , t = 1,2, . . . , us . We con-
sider the restricted map f |K(2)s :K(2)s → K . (f |K(2)s )−1(Ds′t ) is the disjoint union of, pos-
sibly glued, disks. Thus f (K(2)s ) is one of K(1) or K(2)s′ , because K
(2)
s \ (f |K(2)s )−1(Ds′t ) is
connected. This implies that f (
∐
Dst ) =
∐
Dst , but this contradicts the metric expanding
property of f , and thus has finished the proof of the proposition. 
By the last three propositions, K is the union of finite number of immersed tori. This
has finished the proof of Theorem 1.2(i).
5. Proof of Theorem 1.2(2)
We will prove the last half of Theorem 1.2, and complete the proof of the theorem. We
start with a lemma relating to the property of branch circles.
Lemma 5.1. Let S be a branch circle. If for any positive integer m there exists an embed-
ded circle S(n) ⊂ (f n)−1(S) for some n such that deg(f n|S(n))  m and S(n) bounds an
embedded disk D in K , then S is STP and bounds a TD.
Proof. Clearly S bounds an immersed disk f n(D), and thus it bounds a TD.
Assume that there is no twisted branch circle S′ ⊂ f n(D) such that there exists an
embedded circle S′(n) ⊂ (f n)−1(S′) ∩ D and the disk D′ in D bounded by S′(n) is
mapped into the branch side of S′. Then S  ∗ in f n(D). Let us choose any embed-
ded circle S0 in f n(D) of sufficiently small diameter. Then for any embedded circle
S(n),0 ⊂ (f n)−1(S0)∩D, deg(f n|S(n),0) = 1. Since by our assumption S  (S0)k for some
positive integer k, and since S(n)  S(n),0, we have
1 = deg(f n|S(n),0)= k · deg(f n|S(n)).
Thus deg(f n|S(n)) = 1, but this is impossible if m 2.
By the argument in the last paragraph, we may assume that there exist embedded cir-
cles S(n)j , j = 1,2, . . . , r, such that they bound mutually disjoint disks Dj in D, and
Sj = f n(S(n)j ) are twisted branch circles and Dj are mapped to the branch side of Sj .
Furthermore we may assume that there is no embedded circle Cj ⊂ f n(D) such that
there exists an embedded circle C(n)j ⊂ (f n)−1(Cj ) which bounds a disk including Dj
and Cj  ∗ in f n(D).
We will show that r = 1. To do this we first prove that if an element α ∈ π1(f n(D \⋃r
j=1 Dj),∗) defines a non-trivial element [α] of πD = π1(f n(D \
⋃r
j=1 Dj),∗)/
(f n)∗(π1(D \⋃rj=1 Dj , ∗)), then it is also non-trivial as an element of π1(K,∗). Let
us choose a smoothly immersed circle Cα ⊂ f n(D \⋃rj=1 Dj) which represents α. Let
S(n),1, S(n),2, . . . , S(n),q be all embedded circles in Int(D \⋃r Dj ) which are mapped toj=1
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(D \⋃rj=1 Dj), and there exist only smoothly immersed arcs in it with end points on⋃q
j=1 S(n),j or ∂(D \
⋃r
j=1 Dj). Let β be a smooth arc in (f n)−1(Cα) ∩ (D \
⋃r
j=1 Dj)
such that the both end points lie on a single S(n),l or a single boundary circle, and that
Intβ∩⋃ql=1 S(n),l = ∅. Then β and a part of S(n),l or a boundary circle form a closed circle
β˜ which bounds a disk or holes. If β˜ bounds a disk, we replace Cα by a smoothly immersed
circle C′α which is obtained by shortcutting f n(β) and has two less intersecting points with
branch circles than Cα . If β˜ bounds holes, α is the product α1γ1α2γ2 · · ·αt−1γt−1αt of ele-
ments αi, γi ∈ π1(K,∗) where γi are elements of finite order corresponding to elements of
(f n)∗(π1(D \⋃rj=1 Dj,∗)). Note that at least one αi is non-trivial as an element of πD ,
because [α] = 1. Thus to prove the assertion, it is sufficient to show that the element
α′ = α1α2 · · ·αt is infinite order as an element of π1(K,∗). Hence we shortcut f n(β) like
the previous case, and the obtained path is denoted by C′α again. Let us denote C′α by Cα
simply. We may assume that any connected component β of (f n)−1(Cα)∩ (D \⋃rj=1 Dj)
has its end points in distinct two of S(n),l and components of ∂(D \⋃rj=1 Dj). Then for a
lift β˜ of β and f˜ to the universal cover K˜ of K , f˜ n(β˜) connects distinct branch lines. This
implies that for any positive integer k, a lift C˜kα never turns back the branch line already
passed, and hence α is infinite order.
By the argument in the last paragraph, we know that a lift f n(D \ ⋃rj=1 Dj)∼ of
f n(D \⋃rj=1 Dj) to K˜ is homeomorphic to the image of D \⋃rj=1 Dj under an ordinary
immersion, i.e., a disk with holes. Therefore if r > 1, then f n(D \⋃rj=1 Dj)∼ has the
same number of holes as D \⋃rj=1 Dj , and also as a lift (D \⋃rj=1 Dj)∼ of D \⋃rj=1 Dj
to K˜ , but this is impossible because an inner boundary circle of (D \⋃rj=1 Dj)∼ is mapped
to an inner boundary circle of f n(D \⋃rj=1 Dj)∼ under f˜ n by degree at least 2. It follows
that r = 1.
Set S(n)01 = S(n)1 and D01 = D1. Applying the argument in the previous paragraphs to
D01, we find at most one embedded circle S(n)02 in IntD01 which satisfies a condition similar
to S(n)01 . Let S
(n)
01 , S
(n)
02 , . . . , S
(n)
0r be embedded circles such that S
(n)
0j+1 lie in the interior of
the disk bounded by S(n)0j and they satisfy a condition similar to S
(n)
01 . Then by construction
we have deg(f n|S(n)) = 2r . If we choose sufficiently large m, then r is larger than the
number of all twisted branch circles because 2r m, and thus there are distinct j and j ′
such that f n(S(n)0j ) = f n(S(n)0j ′ ). It follows that f n(S(n)0j ) is STP, and thus S is STP, too. This
completes the proof. 
From now throughout the end of this section, we assume that K has no STP branch
circles which bound TD’s. Let Ln, n = 1,2, . . . , be connected components of (f n)−1(L)
such that f (Ln+1) ⊆ Ln. We call a sequence L= {Ln} an inverse sequence of L. Note that
f (Ln+1) is not always equal to Ln, but f n(Ln) = L for any n. For an inverse sequence
L= {Ln} and its member Ln, let Bn(L) be the set of connected components B(n) of ∂Ln
such that there exists an embedded circle S(n) ⊂ B(n) for which there exist embedded
circles S(n+k) in (f¯ k)−1(Sn) ∩ Ln+k with degree deg(f¯ k|S(n+k) :S(n+k) → S(n)) tending
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lemma.
Lemma 5.2. For any inverse sequence L= {Ln}, the sequence {Nn(L)} is bounded.
Proof. Assume that a connected component K ′ of K \Ln has l  2 boundary components.
Then for the subspace K ′ ∪ Ln ⊂ K , π1(K ′ ∪ Ln,∗) needs at least l − 1 generators to
generate itself, because there exists l−1 non-trivial closed circles which are not homotopic
to each other and pass through the gluing locus of K ′ ∪ Ln. Assume that K ′ has a single
boundary ι¯Ln(B(n)) for some B(n) ∈ Bn(L). Then π1(K ′/B(n),∗) = {1}. These imply that
π1(K,∗) needs at least [Nn(L)/2] generators to generate itself, where [Nn(L)/2] means
the Gaussian number of Nn(L)/2. Since K is compact, {[Nn(L)/2]} is bounded, and thus
{Nn(L)} is bounded. 
LetL= {Ln} be an inverse sequence of L. For B(n) ∈ Bn(L) let mk(B(n)) be the number
of connected components B(n+k) of ∂Ln+k such that f¯ k(B(n+k)) = B(n). Our third lemma
is as follows.
Lemma 5.3. For a sufficiently large n and any B(n) ∈ Bn(L), mk(B(n)) = 1 for any k.
Proof. Assume for purpose of contradiction that for any n there exist B(n) ∈ Bn(L) and k
such that mk(B(n)) > 1. This implies that for some B(n) ∈ Bn(L) mk(B(n)) → ∞ as k →
∞. Since by Lemma 5.2, {Nn+k(L)} is bounded, there exists B(n+k) ⊂ ∂Ln+k such that
f¯ k(B(n+k)) = B(n) and B(n+k) /∈ Bn+k(L). Thus for some k′ > k and B(n+k′) ⊂ ∂Ln+k′ ,
any embedded circle in B(n+k′) bounds an embedded disk. Therefore by Lemma 5.1, K has
a STP branch circle which bounds a TD, and this is a contradiction. 
For an inverse sequence L = {Ln}, we will define sets of the boundary components
of Lnbg similar to the sets Bn(L) of the boundary components of Ln. Let Cn(L) be
the set of boundary circles C(n)bg ⊂ ∂Lnbg which have inverse images C(n+k)bg in ∂Ln+kbg ∩
(f¯
n+k,n
bg )
−1(C(n)bg ) with degree deg(f¯
n+k,n
bg |C(n+k)bg ) tending to infinity, and let Nbg,n(L) be
the number of elements of Cn(L), where f¯ n+k,nbg :Ln+kbg → Lnbg denotes the natural continu-
ous extension of f n+k,nbg :L
n+k
bg → Lnbg . Let mbg,k(C(n)) be the number of boundary circles
C(n+k) ⊂ ∂Ln+kbg such that f¯ n+k,nbg (C(n+k)) = C(n). Then a lemma similar to Lemma 5.2
and 5.3 holds.
Lemma 5.4. For an inverse sequence L= {Ln}, {Nbg,n(L)} is bounded, and for sufficiently
large n and any C(n) ∈ Cn(L), mbg,k(C(n)) = 1 for any k.
Using the projections p¯n :Ln → Lnbg , we can prove this lemma quite easily.
Now all preparatory argument has been done, and then we start to investigate the topol-
ogy of the branched covering fˆ n+k,n : L̂n+k → L̂n . For an inverse sequence L= {Ln}, bybg bg bg
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the Riemann–Hurwicz formula, we have
χ
(
L̂n+kbg
)= deg fˆ n+k,nbg · χ(L̂nbg)−N∗(deg fˆ n+k,nbg − 1), (7)
since for any C(n) ∈ Cn(L), mbg,k(C(n)) = 1.
For any inverse sequence L= {Ln}, we have the following two cases: (i) {deg fˆ n+k,nbg }
is bounded for k, and (ii) deg fˆ n+k,nbg → ∞ as k → ∞. For the case (i), we will show
Assertion 5.5. In the case (i), for sufficiently large n,Ln are included in an open embedded
disk or the union of two open embedded disks.
Proof. Let us show that Nn(L) = 0. Assume for purpose of contradiction that Nn(L) > 0.
Let us choose B(n) ∈ Bn(L). By Lemma 5.3, we may assume that (f¯ k)−1(B(n)) ∩ Ln+k
are connected, and let us denote these by B(n+k).
Let d be the diameter of Ln. Then for any x ∈ Ln there exist a point xB ∈ B(n) and a sim-
ple smooth path γx of length  d connecting x with xB . For any x(k) ∈ (f k)−1(x)∩Ln+k ,
there exist an embedded path γ (k)x in Ln+k such that f¯ k+n(γ (k)x ) = f¯ n(γx), where f¯ m
denotes the natural continuous extension of f m|Lm :Lm → L. Since by the metric ex-
panding property of f , the length of γ (k)x is less than α−k · d for some α > 1, recalling that
f m(Lm) = L, Ln+k is included in a tubular neighborhood of ι¯Ln+k (Bn+k) of sufficiently
thin width. It follows that Ln+k is the union of annuli possibly including a twisted annu-
lus. This implies that {deg fˆ n+k,nbg } tends to infinity, because Ln+k includes at most one
twisted branch circle, and then clearly deg(p¯n+k|C(n+k))  2 for any C(n+k) ⊂ B(n+k),
and deg(f¯ n+k|C(n+k)) → ∞ as k → ∞. This contradicts the assumption of the lemma,
and thus we have Nn(L) = 0.
Since Nn(L) = 0, for sufficiently large n, Ln are included in open sets homeomorphic
to local models. This implies the assertion of the lemma. 
For the case (ii) we investigate the topology of L̂nbg . Applying the argument in the proof
of Proposition 4.1 to the equality (7), we can show that χ(L̂nbg) = 0 or 2. Furthermore let
us show the following.
Assertion 5.6. If the case (ii) happens, χ(L̂nbg) = 2.
Proof. Assume for purpose of contradiction that χ(L̂nbg) = 0 for some n. Then for any
k > 0, χ(L̂n+kbg ) = 0, because the equality (7) implies χ(L̂n+kbg ) 0, but χ(L̂n+kbg ) = 0 or 2.
By the equality (7) again, we have Nbg,n(L) = 0. Let us show that this assumption induces
that Nn(L) = 0. Assume for purpose of contradiction that Nn(L) > 0. For B(n) ∈ Bn(L),
set C(n) = p¯n(B(n)) ⊂ Lnbg . Then since Nbg,n(L) = 0, mbg,k(C(n)) is deg f¯ n+k,nbg . It is clear
that mk(B(n)) is equal or greater than mbg,k(C(n)). Thus we have mk(B(n)) deg f¯ n+k,nbg ,
but this contradicts Lemma 5.3.
Since Nn(L) = 0, for sufficiently large n any ι¯Ln(B(n)) ⊂ ∂ ClK(Ln) bounds an embed-
ded disk or the union of embedded two disks. This implies that K is homeomorphic to
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can find a simple closed circle C ⊂ Ln which represents an element of infinite order of
H1(K;Z), and which does not intersect any branch circle which represents an elements of
finite order of π1(K,∗). On the other hand, K is homeomorphic to the union of ClK(L)
and immersed disks. Then even if we can find a simple closed curve C which represents an
element of infinite order of H1(K;Z),C must intersect a branch circle which represents
an elements of finite order of π1(K,∗). This is a contradiction, and we have finished the
proof. 
We have more information on the branched covering.
Assertion 5.7. N∗ = 2.
Proof. By Assertion 5.6, χ(L̂n+kbg ) = χ(L̂nbg) = 2. Substituting these to (7), we obtain
N∗ = 2. 
To finish the proof of Theorem 1.2, we will show that for any L one of the following
two cases occurs: (α) ClK(L) is included in the image of an embedded disk D under f n,
(β) for any n, ClK(L) is included in the image of an immersed annulus A under f n, and
f and A satisfy that ∂ClK(L) ⊃ f n(∂A), and for a boundary circle C ⊂ A and the branch
circle S = f n(C) ⊂ ∂ ClK(L), {deg(f n|C :C → S)} tends to infinity. Furthermore we will
show that if for L the case (α) occurs, L is included in the image f n(A) of an immersed
annulus A for which and another component L′, the case (β) occurs.
First let us show that there exist L and an inverse sequence L of L for which the case (ii)
occurs (see the paragraph above Assertion 5.5). Otherwise for any L and any inverse se-
quence L= {Ln} the case (i) happens, and thus for any small d > 0 there exists a positive
integer n such that any Ln for any L has diameter less than d by Assertion 5.5. Thus K is
formed by tubes of diameter less than d , but this is impossible.
Let us choose an inverse sequence L = {Ln} for which the case (ii) occurs. Let us as-
sume that B(n) ∈ Bn(L) and mk(B(n)) = 1. Then by the same argument as in the proof
of Assertion 5.5 for sufficiently large k, Ln+k is included in a thin neighborhood of
ι¯Ln+k (B
(n+k)) for B(n+k) ∈ Bn+k(L) with f¯ k(B(n+k)) = B(n). Thus ClK(Ln+k) is included
in the union of immersed annuli A, possibly including twisted one, and ∂A ⊂ ∂ ClK(Ln+k).
This implies that for L the case (β) occurs, because a twisted annulus is formed as the im-
age of an annulus under an immersion. By the argument in the last paragraph, for an inverse
sequence L′ = {L′n} for which the case (i) occurs, L′n is included in the union of annuli
described above. This completes the proof of the second half of Theorem 1.2, and thus has
finished the proof of Theorem 1.2.
Corollary 5.8. Under the condition of Theorem 1.2, the Euler class e(K) of K vanishes.
Proof. In the case (i) K = ⋃mi=1 ji(Ti), where Ti are 2-tori and ji :Ti → K are im-
mersions. Then H2(K;Z) is generated by (ji)∗[Ti], where [Ti] denote the fundamental
homology classes of Ti . This and the naturality of Euler class imply that e(K) = 0.
E. Hayakawa / Topology and its Applications 153 (2006) 1775–1799 1799In the case (ii), K =⋃mi=1 ji(Ai), where Ai are annuli and ji :Ai → K are immer-
sions. If H2(K;Z) is non-trivial, there exist a sequence Ai1,Ai2, . . . ,Ail and a sequence
of integers kj = 2rj , where rj are non-negative integers, such that
[T˜ ] =
l∑
j=1
kj · [Aij , ∂Aij ]
defines an element of H2(K;Z). Since H2(K;Z) are generated by elements [T˜ ], the natu-
rality of the Euler class implies e(K) = 0 again. 
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